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ABSTRACT

Multifractal functions are widely used to model irregular
signals, while thresholding of the empirical wavelet coeffi-
cients is an effective tool for signal denoising. This paper
outlines a Bayesian thresholding approach for multifractal
functions observed in a white noise model. To do that, lacu-
nary wavelet series are used to approximate the functions.
These random functions are statistically characterized by
two parameters. The first parameter governs the intensity
of the wavelet coefficients while the second one governs its
lacunarity. The estimation is obtained by placing priors on
the wavelet coefficients that consists of a mixture of two nor-
mal distributions with different standard deviations. These
variances are chosen adaptively according to the resolu-
tion level of the coefficients and depend on the multifrac-
tal function parameters. Estimators of these parameters are
constructed and a closed form expressions for the posterior
means of the unknown wavelets coefficients are obtained.
An example is used to illustrate the method, and a compar-
ison is made with other thresholding methods.

1. INTRODUCTION

Donoho and Johnstone [ 1] proposed the use of wavelet thresh-

olding or wavelet shrinkage for denoising one dimensional
signals observed with additive white noise. Their threshold-
ing rules (which differ in the choice of threshold) remove
noise from a signal by explicitly setting small wavelet co-
efficients to zero, which is a form of high level compres-
sion. A single threshold parameter determines the behav-
ior of these procedures, setting both the level below which
coefficients are eliminated as well as determining how the
remaining coefficients are to be estimated.

The success of these denoising methods is largely due to the
following property: many signals or images can be accu-
rately represented in the wavelet domain using few nonzero
wavelet coefficients. This property is the outcome of the
fact that signals or images composed of piecewise smooth
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parts have few nonzero wavelet coefficients since wavelet
coefficients characterize irregularity. Therefore, they can be
efficiently denoised by setting to zero all small wavelet co-
efficients. A lacunary wavelet series model can then be used
to accurately approximate the free noise signal or image.
One natural way to obtain shrinkage estimates of the true
coefficients is via Bayesian methods. In the Bayesian ap-
proach, a prior distribution is placed on each coefficient.
We propose a particular prior distribution designed to cap-
ture the sparseness of irregular functions (namely multifrac-
tal functions). We found our argument on lacunar wavelet
series. Some of the mass is concentrated on values close to
zero. The other part of the mass is spread to accommodate
the possibility of large coefficients and therefore to capture
the singularities of the unknown function. Roughly speak-
ing, a multifractal function is a function whose Hdlder local
regularity index is not constant. That means that the func-
tion may be very regular in some areas while it is very irreg-
ular in others. Such function with rapid changes of regular-
ity have been first introduced to modelize physical phenom-
ena as turbulence [2]. Denoising methods for fractal signals
have been first proposed in [4] and adapted to a Bayesian
framework in [3].

In [6], it has been shown that lacunary random series built
on wavelets have multifractal properties. In other word, us-
ing wavelets, it possible to build a random process having
a trajectory in a multifractal set of functions. The wavelet
coefficients of this kind of function are completely defined
by two parameters, the first characterize the intensity of the
coefficients or the uniform Holder regularity of the function
while the second one characterize there sparsity or the lacu-
narity of the wavelet serie. Therefore a mixture of Gaussian
distributions is used as a priori to characterize this type of
random process. The parameters of this random process ap-
pear in the standard deviations of the Gaussian densities that
constitutes the a priori.

This paper is organized as follows. Section 2 outlines some
topics on multifractal analysis and present lacunary random
wavelet series having multifractal properties. In section 3,



the proposed wavelet shrinkage method is developed. For
this, a Bayesian approach is used. A numerical example is
illustrated in section 4. The paper is ended by a brief dis-
cussion. Lack of space does not permit to develop fully the
theoretical aspects of the method.

2. WAVELET MODELS AND MULTIFRACTAL
ANALYSIS

To begin, let first introduce some useful definitions on Holder
regularity and multifractal functions.

Definition: Holder exponent.

Letzg € K C Rand a > 0. A function f : K — R
is in O if for all z in a neighbourhood of z¢ there exist a
polynomial P and a constant ¢ such that

[f(z) = P(z — 20)| < clz — zo|*

The Holder exponent of f at g, a(xg), is the supremum of
the o for which this inequality holds.
Let E(a) = {x € K, a(z) = a}, then

frla) =dimpgE(a)

where dim g denotes the Hausdorff dimension, define the
Hausdorff multifractal spectrum.

Given a function f, multifractal analysis of a function aims
to describe the singularity structure of this function by the
computation of the spectrum of singularities (or the multi-
fractal spectrum). When this spectrum does not vanish in
at least two points we say that f is multifractal. The mul-
tifractal spectrum gives either geometrical or probabilistic
information about the distribution of points having the same
singularity. The former characterization is obtained through
the Hausdorff spectrum fj, while the latter is given by the
large deviation spectrum f, [4] (and references here in).
Due to practical considerations, we generally use the large
deviation spectrum f,. The large deviation spectrum of a
function f is a relevant quantity to describe the smoothness
variation of f.

In order to compute the large deviation spectrum and to do
multifractal analysis we need a quantity that measures the
variation of the function under analysis. Such quantity is
provided by the wavelet coefficients which are obtained by
decomposing this function onto an appropriate wavelet ba-
sis [5]. The computation obtained unsing the wavelet coeffi-
cients allows to have the benefit of the nice properties of the
wavelet decomposition and its fast computation algorithm
[5]. However it has the drawback to depend on the chosen
wavelet.

An orthonormal wavelet transformation associates to a func-
tion f a set of wavelet coefficients wjy,. It is defined by the
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F=Y20" winth, 1)
)

J

—+oo
Wy = 2j/2/ f(t)’l/ij(t)dt jeNke [0,2j - ].]
The function ¢, (z) = ¥(27x —1),Vj € N,k € [0,27 —1]
are obtained from the first wavelet by dilatation and trans-
lation. The family of functions {1}, » provides an or-
thonormal basis of L?.

Using this wavelet representation, we now turn on the con-
struction of random functions exhibiting multifractal prop-
erties. This will be done considering sparse random wavelet
series. First let define some functions quantifying sparsity,
particularly, the large deviation multifractal spectrum [4]
that has been cited previously. Let a be a positive real num-
ber and define

Nj(a) = {k, lwj| > 27}, 2

then, the large deviation spectrum is defined as follow

fg(a) = lim lim sup loga(Nj(a + E), —Njlate) .
=0 j—00 J
3)
Roughly speaking, for large j there are about 2°(®)7 coeffi-
cients (wjx)jen of size of order 279,
The random functions on which this paper is based are con-
structed as follows. Let p;, j € N denote the probabiltity
measure of the 2/ indepedent random variables (X ;) k=1,...,23 -
A random function F' can be constructed using the wavelet
synthesis equation (1) by taking |w;z| = 277%i*, j € N,k =
1,...,27. The multifractal properties of the random function
F can be studied using the following functions [4]

log(2/ pjla — e, + €])

pla,e) = lim sup
j—o0 J
P(X: —
= 1+lim sup ( ]ke[a, sate)
po= limpla,e). “)
e—0

One of main assumption on (p;);en in [6] is that the sup-
port of the wavelet coefficient distribution is compact. Un-
der some additional hypothesis, the two quantities f, and p
are equal and that the spectrum of singularity of F' can be
calculated. Indeed we have, forall h > 0

fah) = sup 12 s)

a€lo,n] &

In this paper, Bayesian inference on a simple statistical mul-
tifractal model is made. This model will satisfy assumptions



warranting that 5 holds. This simple multifractal model is
characterized by two parameters n and « in [0,1]. On one
hand n will describe the lacunarity or the sparsity of the
wavelet series. On the other hand the coefficient a will be
inversely proportional to the intensity of the wavelet coeffi-
cients. These parameters completely characterize the spec-
trum of singularity of the unknown random function [6].

3. BAYESIAN ESTIMATION OF LACUNARY
WAVELET SERIES

3.1. The a priori and the shrinkage functions

The data are assumed to be of the form

i=1,..,n=27

: (6)

where the z; are i.i.d standard normal observations; that is,
N(0,1), and o is assumed known. Typically, n is an integer
power of 2.

The process of wavelet decomposition may be represented
as multiplication by an orthogonal matrix W, yielding the
relation

Yi = T; +0z;

w=WY=Wf+oWz=60+0z", (7

where # = W is the n-length vector of discrete wavelet co-
efficients of f, and z* is an n-length vector of i.i.d N(0,1)
observations [5].

The proposed shrinkage functions are developed by postu-
lating a particular a priort in the space of wavelet coeffi-
cients. In the a priori the coefficients are mutually indepen-
dent and for any j, k the distribution of 6; ;. is the Gaussian
mixture

Ojklvin ~ i N (0,272 1) + (1= 73N (0, 15)- - (8)
The mixture parameter 7, has its own distribution given by
P(yjr =1) = 1= Py =0) = p;. )

From the multifractal properties of the unknown process or
function that is characterized by two parameters, we have

pj =271, (10)

with (7,a) € (0,1). The parameters p1;, n and a have to
be estimated. Note that the a priori model (8) characterize
all the wavelet coefficients at a given resolution level j. The
N(0, ;) component allows us to concentrate some of the
mass near 0, whereas the N (0,2~ ft;) component spreads
out the rest of the mass across larger values. With this a
priori the noisy wavelet coefficients are distributed as fol-
lows

wjk] ik ~ ik N (0,272 3 +0)+ (1= )N (0, 3 +0°),
(11)
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and
(12)

Observation: Consider two independent Gaussian variables

wjk|9jk,02 ~ N(ij,0'2).

X ~ N(m,0?) Y ~ N(ma,03)
Then,
2

E(X|X+Y)=m + —t—

X+Y —
0’% +0’§( + (7T1 +7T2))>

oios + o103

(of +03)
The shrinkage functions are deduced from the posterior mean
of the unknown wavelet coefficients 6. From the prece-
dent result we

E(Ojk|wjk)

var(X — E(X|X +Y))

By fwi B0k [wik, vjr)
P(yjr = Lwje) E@jk|wjr, vix = 1)

+ POk = Olwjr) BBk lwjk, vir = 0)
—2aj ,,2
Y ML A
o2 + 27200y
%
1— 2=y 13
+ ( )ug + 0_2 w]’» ( )
The result is a multiplication of w by the shrinkage factor
2—2&]'“2_ i /1’2
9(n-1)j J 1 =21 J
S(w) o2 + 2—2a]u? + ( )'ug + g2’
(14)

where |s(w)| < 1, which is itself a function of w. The
estimation of # via the posterior mean E[f|w] is equivalent
to the use of nonlinear shrinkage function. The variance
of the estimation can be easily deduced from the previous
lemma. For small values of w

var(flw) = u?, (15)
and for large values of w
var(flw) ~ o?. (16)

3.2. Estimation of the parameters of the model

The unknown parameters vector of the model are § = (a7, i3, ;).

The variance of the noise o2 is considered known because
it can be accurately estimated from the finest scale wavelet
coefficients [5]. A possible estimation for the parameters
vector 6 is the one provided in [7]. A more elegant solution
for the estimation of the parameters vector 6 is provided
by maximizing the log-likelihood of the data described by
(11). This maximization is not directly accessible due to
the difficulty to solve the equations that are derived from
it. A well known way to resolve this problem is to use the
E M algorithm. In this case, our problem is exactly the one
of estimating the parameters of a Gaussian mixture density
function, a very well known problem [8].



4. APPLICATION TO IMAGES

In order to experimentally demonstrate the effectiveness of
the proposed adaptive shrinkage method, we have applied
the proposed method to the problem of denoising of the
standard 256 x 256 image Barbara. The image was cor-
rupted by a white gaussian noise /N (0, 30). The wavelet de-

composition was a eight level decomposition using Daubechie’s

two-tap filters [5]. Denoising using wavelet consists in find-
ing the wavelet coefficients that best represents the image,
or the set of wavelet coefficients from which an inverse
wavelet transform will produce the best approximation to
original image in the L, sens.

The shrinkage method proposed in this paper has been com-
pared to the SureShrink approach [1][5] obtained using the
Wavelet Toolbox of Matlab. The original image, an exem-
ple of the Gaussian noisy version and the reconstruction
obtianed using the two different methods are displayed on
figure 1. On Table 1 we have presented the performances

The Gaussian n« version

250

150 200 50

Figure 1: lllustration of the different images.

of the proposed denoising method applied on the noisy im-
age compared to the SureShrink method. We give the mean
square error (mse) between the reconstructed image and the
original image. This error has been obtained by repeating
the operation on 100 noisy images. The simulations show

Table 1: Performance of the method by the mean square error
(mse).

mse, SureSh.
592.66

Image
Image

mse, noisy.
897.65

The proposed
458.69

that the proposed method has smaller MSE over the other
method.
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5. DISCUSSION

In this paper an adaptive wavelet thresholding method has
been developed. This method is of particular use when the
underlying set of wavelet coefficients that describe the un-
known signal or image is sparse. That is, the majority of
these coefficients are small, and the remaining few large co-
efficients explain most of the functional form. Based on
this observation the lacunary wavelet series have been used
as an approximated model. The new threshold rule has
been obtained by approaching the standard context from a
Bayesian viewpoint. Using this method, our experience has
been that as the resolution level increase, the chosen thresh-
old or more precisely the shrinkage function change. There-
fore, the method shrink differently depending on the reso-
lutions level. From a practical view point, this method is
of particular use when the signal of interest contain a single
type of singularity. This may be useful in, for example, edge
detection in image processing applications. In a forthcom-
ing papers, a priori will be provided for denoising signals
with different types of singularity.
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